The close-coupling approach to electron-helium single ionization is analyzed and several ways of defining the scattering amplitudes are determined, for both equal-and unequal-energy outgoing electrons. Nevertheless, the various definitions all lead to the same cross section. The convergent close-coupling ͑CCC͒ method with Laguerre ͑CCC-L͒ and box-based ͑CCC-B͒ target functions is applied to calculate electron-impact ionization of helium for the cases where the two outgoing electrons have equal energy. Excellent absolute agreement with experiment is obtained for all available cases of comparison.
I. INTRODUCTION
The study of fully differential electron-impact single ionization of atoms at low to intermediate energies has spanned several decades. The key interest is in the behavior of three charged particles, two electrons and the residual ion, in the final state. In order to facilitate meaningful comparison between theory and experiment, the choice of the atomic target is very important. From the theoretical perspective, atomic hydrogen is ideal due to its analytically known wave functions. Though this is a particularly difficult target for the experimentalists, considerable effort has been expended in providing some absolute data for the e-H system ͓1-3͔, though much of the data are still available only on a relative scale ͓2͔. The difficulty of putting the data on the absolute scale leads to large error bars, and some uncertainty in the near-threshold region remains ͓4-6͔. Much qualitative understanding of the ionization process has been gained in comparison with theories that rely upon the asymptotic forms of the total wave function ͓7-11͔ and those based on the distorted-wave approach ͓2,12-16͔. More recently, the emphasis has been on computationally intensive approaches that are capable of yielding complete absolute agreement with experiment. These concentrate on evaluating the final total wave function ab initio, such as the exterior complex scaling ͑ECS͒ approach ͓6,17,18͔, the time-dependent closecoupling method ͓19,20͔, and the convergent close-coupling ͑CCC͒ method ͓21-23͔. Following the success of the numerical approaches, particularly the ECS method, the underlying formal theory of ionization has been reanalyzed leading to resolution of problems associated with divergence and ambiguity of the ionization amplitudes ͓24,25͔. These ideas are not as readily applied to the CCC method, whose boundary conditions assume that only one electron is permitted to escape to infinity. This results in difficulties specific to the CCC method and we shall discuss them here in the context of e-He ionization.
Unlike atomic hydrogen, helium is a much more convenient target for the experimentalists. Consequently, there are a great deal more data available for the e-He single ionization system. These data generally have much smaller statistical error bars and have been mostly put on an absolute scale with considerably less uncertainty than in the case of the atomic hydrogen target ͓26-33͔. For theorists, on the other hand, helium presents extra difficulties over atomic hydrogen in the treatment of the initial state and spin-coupling in the final state. Consequently, there have been fewer calculations published for this four-body system.
In recent times, only the CCC method has been extensively applied to the e-He fully differential single ionization problem. Following the successful implementation of the e-He CCC method ͓34͔ to e-He excitation processes ͓35͔, the method was extended to ionization with little extra effort required ͓21͔. The four-body problem was reduced to an effective three-body one by ensuring that one of the helium electrons remained fixed and described by the He + 1s orbital throughout the collision process. Ionization was treated in exactly the same way as excitation, except that it was associated with positive-energy pseudostates. Such an approach proved most promising ͓36͔, but some computational and formal difficulties were identified ͓37͔. Specifically, for a given ionization process with outgoing electrons of energies k B 2 /2Ͻ k A 2 / 2, the CCC method yields two independent amplitudes f͑k A , k B ͒ and f͑k B , k A ͒ arising from excitation of open pseudostates with energy ⑀ nl = k B 2 / 2 and ⑀ n Ј l = k A 2 / 2, respectively. Yet the theory is unitary and yields excellent agreement with the measurements of the total ionization cross sections obtained by summing over the excitation cross sections for all positive-energy pseudostates ͓21,38͔. In other words, there appears to be a double-counting problem within a unitary theory. Based upon computational studies, a resolution of this problem was suggested by claiming that, as the close-coupling expansion was taken to completeness, the f͑k B , k A ͒ term would converge to zero ͓37͔. Although this step-function hypothesis has yet to be proven directly, it is consistent with the numerical behavior of the CCC calculations. Furthermore, it was suggested that the CCC amplitudes behaved as a Fourier expansion of a step function with convergence at the equal-energy point to half the step height ͓39͔. This led to the explanation as to why the cross-section prescription given by ͓21͔ yielded results for asymmetric energy sharing that oscillated slightly with increasing basis size N, and were too low by a factor of 2 at the equal-energysharing point ͓40,41͔. In this work, we expand on the pre-liminary report ͓41͔ of electron-impact single ionization of helium in the equal-energy-sharing regime, and apply it extensively to the available experimental data.
II. COUPLED-CHANNEL EXPANSIONS
Electron-helium scattering can be accurately described within the nonrelativistic formulation adopted in this work. In nonrelativistic quantum mechanics, spin and space coordinates can be separated, and the total spin S of the electronhelium scattering system is a conserved quantum number. Denoting the three electrons in our collision system by "0," "1," and "2" for the projectile and the two target electrons, the general coupled-channel expansion over the discrete spectrum ⌽ s␥ ͑1,2͒ and the continuum ⌽ sq ͑−͒ ͑1,2͒ target states for our case of interest is given by
where the functions G s 0 ␥ ͑+͒SM S include both space and spin coordinates and the permutation operator P ij interchanges the electrons "i" and "j." The sum is over the target spin quantum numbers and s and the projectile magnetic spin quantum numbers 0 .
In what follows, we are interested in the part of the closecoupling expansion ͑1͒ that corresponds to ionization, and hence we will drop the first term in Eq. ͑1͒ for brevity of notation. The helium continuum states in Eq. ͑1͒ are accurately described by the frozen-core model. In this model, one of the electrons in the helium atom is fixed in the He + 1s orbital, and the antisymmetric two-electron continuum wave function with energy e sq is
where s ͑12͒ is the two-electron spin function with spin quantum numbers s and , u͑r͒ is the He + 1s orbital, and sq ͑−͒ ͑r͒ is a continuum one-electron orbital with momentum q. The spatial part of the helium wave function can be written as
where P r 1 r 2 is the space exchange operator. By energy conservation, we have
where k i is the initial electron momentum, e i is the energy of the initial He state, k is a final electron momentum, and the energy of the He + 1s orbital is −2 a.u. Often E is referred to as the excess energy.
Separating the spin and space coordinates, we can write the target-state expansion in Eq. ͑1͒ in the spin-coupled form,
where G sq ͑+͒S ͑r 0 ͒⌽ sq ͑−͒ ͑r 1 , r 2 ͒ is only a function of the radial coordinates r 0 , r 1 , and r 2 . For brevity we introduce the spincoupled functions
Hence, in the case of ionization,
The effect of the permutation operators P 01 and P 02 is evaluated by using the fact that the spin functions sSM S form a complete set. Hence
where the recoupling coefficients are given by the 6j symbol From the properties of the 6j symbols, we obtain the relation
͑12͒
We now write the ionization part of the close-coupling expansion ͑1͒ using spin recoupling in the following form:
͑13͒
The proper scattering boundary conditions for the distorted waves G ͑+͒S for elastic scattering and excitation of a helium bound state from an initial state "i" are
and in the case of excitation of a continuum state "q"
The calculation of the amplitudes f ss i ␥ i S ͑k , q ; k i ͒ has been detailed in Ref. ͓21͔ . Note that the step-function hypothesis ͓37͔ states that these should be nonzero only for q ഛ k. We consider the asymptotic form of ⌿ SM S ͑+͒ ͑0,1,2͒ in the limit of r 0 , r 1 → ϱ. The ⌽ sq ͑−͒ ͑r 1 , r 0 ͒ term vanishes from Eq. ͑13͒ because of our assumption that one of the electrons is in the He + ground state and hence is described by an exponentially decreasing wave function. In the remaining terms, we only get contributions from the target waves when neither electron 0 nor 1 is in the 1s orbital. Hence,
͑16͒
Now let us consider the above integrals further. The continuum waves in the first term are e ikr 0 q ͑−͒ ͑r 1 ͒ / r 0 and similarly in the second term, except for r 0 and r 1 interchanged. We now use the outgoing spherical-wave component of q ͑−͒ ͓see Eq. ͑52͒ in the Appendix͔ and evaluate the angular integrals in Eq. ͑16͒ to yield
͑17͒
We evaluate the integrals by the stationary phase method as discussed in the Appendix. The stationary point for the first term will be at q / k = r 1 / r 0 . Note that q and k in Eq. ͑17͒ are related by energy conservation: 2E = q 2 + k 2 . We will denote the stationary point for q by k b and the corresponding point for k by k a . In the second term, the stationary point will be at k / q = r 0 / r 1 and this stationary point for q corresponds to the value k a in the first term. Hence, the contribution to the first amplitude is f ss i ␥ i S ͑k a r 0 , k b r 1 ; k i ͒ while the amplitude in the second term will be f ss i ␥ i S ͑k b r 1 , k a r 0 ; k i ͒. The result is
where we have introduced the hyperspherical coordinates
Note that the stationary point condition k b / k a = r 1 / r 0 together with the above definitions leads to the relation
We can see from Eq. ͑18͒ that the logarithmic phase factors generally do not allow us to define an ionization amplitude, except for the case of equal energy sharing, k a = k b = k, where the asymptotic of the wave function takes the following form:
͑22͒
Here the amplitude is defined as
or, specifically for the case of interest, S =1/2, s i = 0, and the initial state ␥ i , which we now drop from the notation
and
For the case of asymmetric energy sharing, the f s Ј s i ␥ i S ͑k b r 1 , k a r 0 ; k i ͒ tend to zero with increasing basis sizes for k b Ͻ k a . In this case, we can always define the amplitude from Eq. ͑18͒, and it is simply
The amplitudes ͑23͒ satisfy a certain symmetry relation on interchange of kr 1 and kr 0 . This relation, first given in Eq. ͑9͒ of ͓41͔, can be obtained by considering the antisymmetry property of the asymptotic wave function ͑23͒, ⌿ SM S ͑+͒ ͑1,0,2͒ =−⌿ SM S ͑+͒ ͑0,1,2͒, with the result
͑27͒
A similar procedure to the one outlined above for r 0 , r 2 → ϱ yields 
͑33͒
We can see that the amplitudes defined in Eqs. ͑24͒ and ͑25͒ for r 0 , r 1 → ϱ differ from the above amplitudes obtained for r 1 , r 2 → ϱ. However, after some algebra we find that
2 . For asymmetric energy sharing with k b Ͻ k a , we again use the step-function hypothesis ͓37͔ and obtain from Eqs. ͑32͒ and ͑33͒
͑35͒
This is different from that obtained previously ͓see the note following Eq. ͑25͔͒, but once more ͉F 0 ͉ 2 + ͉F 1 ͉ 2 = ͉F 0 Ј͉ 2 + ͉F 1 Ј͉ 2 . Let us now turn to the calculation of the cross section for ionization. We consider the r 0 , r 1 → ϱ limit as both r 0 , r 2 → ϱ and r 1 , r 2 → ϱ asymptotic limits lead to the same crosssection result. Following ͓42͔, we consider the probability flux through a small section dS = R 5 d⍀ of a remote sixdimensional hypersphere,
where ⍀ denotes a direction in six-dimensional configuration space, and
͑37͒
where e b = k b 2 / 2 is the continuum electron energy. The radial component of the six-dimensional flux density is defined as
It can be evaluated using Eq. ͑23͒ for the asymptotic wave function, with the result
To calculate the cross section, this flux needs to be multiplied by 2 ͑the number of electrons in helium͒, and the crosssection, differential in angles and energy of the continuum electrons becomes
where J 0 =2k i / 3 is the initial flux. Note that, unlike in Eq. ͑27͒ of Ref. ͓21͔, we have absorbed the factor of ͑2͒ 2 in the amplitudes.
To finish this section, we recall the result Eq. ͑12͒ of the earlier work ͓41͔, that at equal energy-sharing, with k b = kr 1 and k a = kr 0 ,
͑41͒
This follows from Eqs. ͑24͒ and ͑25͒ since we observe numerically that in sufficiently large calculations F s ͑kr 0 , kr 1 ; k i ͒Ϸ2f s ͑kr 0 , kr 1 ; k i ͒. In such calculations, when plotted, the two sides of Eq. ͑41͒ are barely distinguishable. As for the hydrogen target, this is consistent with the interpretation that solving the close-coupling equations in the continuum is equivalent to taking a Fourier expansion of a step function ͓39͔. Equation ͑41͒ also explains why the integral-preserving description for generating the cross sections given by ͓21͔ yielded a result too small by a factor of 2.
III. NUMERICAL METHOD
The details of the CCC method for electron-helium scattering utilizing an orthogonal Laguerre basis ͑CCC-L͒ have been given by ͓35͔. Extension to using a box basis is relatively straightforward ͓43͔ as it is for the hydrogen target ͓4͔. The two bases are fundamentally different. Upon diagonalization of the He + Hamiltonian, the first step of the He structure calculation utilizing the Laguerre basis leads to pseudostates that fall off exponentially governed by the parameter . The box basis, on the other hand, generates true He + eigenstates that fit within the box of size R 0 , with the discretization of the continuum ensured by the boundary condition of the orbitals being zero at r = R 0 . These orbitals are also set to zero for r Ͼ R 0 . The primary differences in the orbitals occur at the larger values of r, as well as generating a different orbital energy distribution. Apart from the difference in the bases, for clarity of presentation, we shall keep other aspects of the CCC calculations the same, and independent of the incident energy. In particular, we set the maximum orbital angular momentum of the He + orbitals to l max = 5. This results in 219 He states, leading to a maximum of 713 coupled channels.
The He states, used to define the multichannel expansion of the total e-He wave function, are defined in the following way. We restrict ourselves to the frozen-core model with the "inner" He electron described by the 1s He + orbital ͓35͔. Hence, all states can be written as appropriately symmetrized 1snl configurations. These yield an excellent description of the He bound excited states as well as the one-electron ionization states leaving He + in the ground state. The biggest error occurs in the 1s1sЈ description of the ground state. The calculated ionization energy is 23.74 eV, which is 0.84 eV too low. We adjust for this by reducing the incident electron energy by 0.84 eV and therefore ensure the same excess energy used in the experiments. The lowest-energy orbitals are best obtained using large bases. This, however, generates too many states. We avoid this problem by diagonalizing the He Hamiltonian twice, the first time using a large set of He + orbitals and the second time using a smaller number of orbitals obtained from the first diagonalization. Specifically, having obtained around 100 He + orbitals, we diagonalize the He Hamiltonian for each 1 L symmetry and keep just the lowest-energy 20− l orbitals of the 1snl configurations. To ensure that the subsequent diagonalization will yield accurate 3 L states, we also keep the lowest two orbitals of the 3 S and 3 P diagonalization. This completes the first set of diagonalizations and leaves us with 23 s orbitals ͑including 1s͒, 21 p orbitals, and 20− l orbitals for 2 ഛ l ഛ l max . Now the second set of He diagonalization is performed using all of these orbitals, resulting in 23, 21, 18, 17, 16, and 15 singlet states for l = 0, 1, 2, 3, 4, and 5, respectively. The same number of triplet states are generated, except for one less in the 3 S symmetry, leading to a total of 219 states. The radial extent and target pseudostate energies in the CCC-L and CCC-B calculations are then controlled solely by and R 0 , respectively.
IV. RESULTS
The application of the CCC theory to e-He doubly and singly differential, as well as total cross sections, has been recently discussed ͓45͔. Here we focus on the special case of fully differential cross sections for equal-energy outgoing electrons. We begin at the highest energies for which experimental data are available and progress by moving towards the ionization threshold. For convenience, the convention that ejection angles on opposite sides of the incident beam have opposite signs is used throughout.
The in-plane and out-of-plane results for 64.6 eV incident energy with 20 eV outgoing electrons are given in Figs. 1 and 2, respectively. In Fig. 1 , three geometries are considered: "fixed-A " ͑squares͒, "symmetric" ͑circles͒, and "fixed-AB " ͑diamonds͒. These are slices through the cross-section surface, which is a function of the positions of the two detectors at A and B . Different symbols are used to facilitate comparison between individual slices when they intersect. In the present case, we see excellent consistency in the measurements. There is also good agreement between the two theories and experiment. The latter has an uncertainty of 25% in the absolute values ͓44͔ and has been multiplied uniformly by 1.2 to obtain a good visual fit with experiment. The present CCC calculations are much larger than those given earlier ͓44͔, but yield substantially improved results only when the cross sections are small. ͓See, for example, Fig. ͑4͒ of Ref. ͓44͔.͒ Note also that the original CCC results presented were multiplied by 1.8. We now understand that they should have been multiplied by exactly 2, and hence the experimental data were multiplied by 1.2, as presently. The results obtained with the doubled incoherent combination of amplitudes and the coherent combination ͓see Eq. ͑41͔͒ are barely distinguishable, and thus only the coherent result is plotted. The CCC-L and CCC-B calculations, see Sec. III, used = 6.2 and R 0 = 40.0, respectively. The geometry presented in Fig. 2 corresponds to the symmetric geometry of Fig. 1 when the angle of the electron gun relative to the plane is = 0°. As is varied, the point at B =− A = 90°corresponds to the same geometrical arrangement and hence fixes the internormalization of the various geometries presented. This point is near the minimum of the cross section for = 0°, but it is the maximum for the case = 90°. This indicates the rapid fall of the cross sections as the incident beam approaches the so-called "perpendicular plane geometry," studied extensively by Murray et al. ͓26͔ . The measurements of Murray and Read ͓27͔ are relative and we fix their absolute scale using the "symmetric" data of Fig.  1 . In doing so, we see that, if we fix the two data sets at the B =− A = 90°point, then there is some discrepancy near the maximum around B = 40°. Curiously, for ജ 45°this discrepancy between experiment and theory disappears. Given the smallness of the cross sections as increases, the agreement between the two theories and experiment is very satisfactory. Figures 3 and 4 are similar to those just discussed, except that the incident energy is 44.6 eV, with 10 eV outgoing electrons. The CCC-L and CCC-B calculations were run with = 4.4 and R 0 = 41.0, respectively. The coplanar data of Rioual et al. ͓28͔ , with an absolute uncertainty of ±25%, show good internal consistency. After the published data were multiplied by 0.9, excellent agreement with the predictions from the two CCC theories is obtained. The same scaling factor was also used by ing with the earlier CCC calculations. The present results represent a small but still significant improvement over the previous predictions, particularly where the cross sections are small.
In Fig. 4 , the corresponding out-of-plane data are presented, normalized at the B = 90°point to the Rioual et al. ͓28͔ data. Once again we see a discrepancy between the two sets of measurements, with the theory being more supportive of the Rioual et al. ͓28͔ data. As is increased, a small angular shift appears between theory and experiment. This shift disappears for the perpendicular plane geometry where the agreement between experiment and theory is excellent.
We next move considerably closer to the ionization threshold and consider 32.6 eV incident electrons with 4 eV outgoing electrons, presented in Fig. 5 . As the threshold is approached, the required radial extent of the wave functions in the CCC calculations grows. Here the CCC-L and CCC-B calculations were performed with = 2.9 and R 0 = 77.0, respectively. Agreement between the two calculations and the experiment is once again excellent. The internal consistency of the experimental data is generally good, with some minor exceptions, as seen, for example, in the A = 90°panel at B = 120°. Particularly pleasing is the ability of theory to obtain negligible cross sections for the two electrons exiting in a similar direction ͑cf. Fig. 4 of Bray et al. ͓47͔͒ . The absolute values of the CCC theory are now clearly defined, unlike previously ͓47͔.
Finally, we consider the most difficult kinematic regime just above the ionization threshold. In Fig. 6 , we present a comparison of the CCC predictions with the measurements of 26.6 eV incident electrons leading to 1 eV outgoing electrons. The CCC-L and CCC-B calculations were performed with = 2.06 and R 0 = 120.0, respectively. The data of Rösel et al. ͓29͔, which we believe were taken with a different apparatus than that used for the corresponding higher-energy data, occasionally exhibit substantial internal inconsistency. One example, which shows a 50% discrepancy, is for B = −150°on the A = 90°and B − A = 120°panels. Not all the points of inconsistency have been plotted. For example, the point at A = 30°, B = 120°͑top left panel͒, which agrees with the CCC theory, should be the same as the point at B = 30°, A = 120°, which is a factor of about 2 higher than the CCC result. Nevertheless, the overall agreement of the CCC calculations with experiment is good, both in shape and absolute value. We also compare with the DWBA results of Jones et al. ͓29͔ . Given that these calculations are based on the distorted-wave approach, they yield quite reasonable agreement with the experimental data and the CCC calculations at such a low energy.
V. SUMMARY AND CONCLUSIONS
In summary, we have presented the theory for extracting the ionization amplitudes from close-coupling-based e-He calculations, concentrating on the special kinematic case where the two outgoing electrons have equal energy. The innate symmetries of the underlying CCC amplitudes are the reason why the cross-section prescription given by Bray and Fursa ͓21͔ yielded such accurate angular distributions, but were a factor of 2 too low. Large-scale CCC calculations using both the Laguerre and box bases have been applied and shown to give excellent absolute agreement with experiment from near-threshold through to intermediate energies.
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APPENDIX
We now give some details of the stationary-phase results that are needed to discuss the ionization asymptotics. We make use of the integral identity In the last equation, we made use of the relation q / r 2 = k / r 1 = K / R, which follows from the stationary point condition q / k = r 2 / r 1 and the definitions of K and R.
